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 I support the optimistic view: Scientific rigor is compatible with the high 
uncertainty and the combination can provide useful results.  
◦ Justification in this talk and our prior publications on Linguistic Context Spaces  

and related topics [1989, 1996, 2000, 2012 and BISC posts 2009-2012]
 Spatial uncertainty requires new uncertain geometry and topology and 

new blending of these fields. This new blending needs to differ from the 
existing approaches in fuzzy topology to meet the needs of the 
application. 
◦ Justification and an a new approach in in this talk and [Kovalerchuk et al.2008-

2012, and Kovalerchuk, Schwing,  “Visual and Spatial Analysis”, Springer, 2005].
 The current UM languages (probability, fuzzy and others) are too far

from many spatial uncertainty applications. Visual models and the  
lattice structures of classes of uncertain spatial models are quite 
powerful, especially if enhanced with the new dynamic logic and 
structural analysis ideas.

 Visual models (drawings)  are uncertain similarly to the natural language 
statements. We should have not only Computing with Words, but also 
Computing with Sketches (CWS).  A lot of uncertain information is visual 
not verbal.  Complete conversion  of it into verbal and formal form may 
never happen.  It might be impossible in many cases.
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 F is a match mapping 
between a set of 
uncertain P-models {M} 
and a set of similarity 
measures {L} 

 F:  {M} → {L}
◦  Ma , Mb ( Ma ≥ Mg Mb 

La=F(Ma ) ≥Lg F(Mb) )=Lb, 
◦  Ma , Mb ( Ma ≥Mu Mb 

F(Ma ) ≥Lu F(Mb) ). 

FFFF

Order of 
P-models/ 
theories

Order of 
similarity 
measures

5



 There are many very  simple problems for which PT (“standard probability theory”  presented in 
textbooks)  offers no solutions [Zadeh, 2002, 2010, 2011]: 

◦ Probably John is tall. What is the probability that John is 
short?

◦ Most Swedes are tall. Tom is Swede. What is the probability that Tom is short. 
◦ Usually it takes Robert about an hour to get home from work. Usually Robert leaves office at about 5 pm. What is 

the probability that Robert is home at 6:15 pm?
◦ A box contains about 20 balls of various sizes. A few are small and several are large. What is the probability that a 

ball drawn at random is neither large nor small?
◦ Most young men are healthy; Robert is young. What can be said about Robert’s health?
◦ Most young men are healthy; it is likely that Robert is young. What can be said about Robert’s health?
◦ Slimness is attractive; Cindy is slim. What can be said about Cindy’s attractiveness?
◦ Usually travel time from Berkeley to Palo Alto is about 1 h and usually travel time from Palo Alto to San Jose is 

about 25 min. How long will it take me to drive from Berkeley to San Jose?
◦ X is a normally distributed random variable with small mean and small variance. Y is much larger than X . What is 

the probability that Y is neither small nor large?
◦ Most Swedes are tall. Most Swedes are blond. What is the probability that a Swede picked at random is tall and 

blond or what fraction of Swedes are tall and blond?
◦ Consider a perception-valued times series T ={t1, t2, t3, …} in which the ti’s are perceptions of, say temperature, 

e.g., warm, very warm, cold,…. Assume that the ti’s range over a set of linguistic values, A1,A2,…,An, with 
probabilities P1,…,Pn. What is the average value of T?

◦ I am checking in at San Francisco airport. I ask the ticket agent "What are the chances that my flight 
will be delayed?" The ticket agent  tells me, "Usually most flights leave on time." What does his 
statement tell me about the probability that my flight will be delayed?

 The answers are not numbers but linguistic descriptions of fuzzy perceptions of 
probabilities, e.g., not very high, quite unlikely, about 0.8, etc. This is the area of PTp
(perception-based probability theory). 6



 Scientific rigor includes:
◦ justifications of methods,
◦ Justification of  the time horizon to find the solution of the task, 
◦ Justification of the importance of the task.
◦ Justification of ways to “measure”  quantify the uncertain input. The 

representative measurement theory originally developed in mathematical 
psychology by P. Suppes and others is very relevant to these challenges in 
CWW.

 Zadeh’s Impossibility principle:  More realistic tasks => less 
rigor and precision are reachable. 

 We need to distinguish scientific rigor and precision. Scientific 
rigor is possible without precision.  We can rigorously judge that 
John is taller than Peter  without precise knowledge of their 
heights.   

 It is critical to have rigor to call the Computing with Words (CWW) 
and the future Computing with Sketches (CWS) scientific 
domains.  

 Cooking has always been very useful to our existence for 
millennia. Should we call it a rigorous scientific domain because 
it is useful? 
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 A knowledge base contains a statement: 
◦ "Old or almost old people are quite wise." 
◦ What is the probability that John, 59 is quite wise?
◦ What is the fuzzy membership function value that John, 59 is quite wise?

 Let membership values be 
m(old,59)=0.45, and m(almost old,59)=0.55.

◦ These numbers are close to values from the frequency-based experiment 
(Hall, Kandel, Szabo 1986). 

 Then 
m(old OR almost old, 59)=max(0.45,0,55)=0.55 

using the fuzzy logic max operator for OR. 
 In essence, 0.55 means a refusal to judge how wise John is. Do 

we want to call such a conclusion useful and scientifically  
rigorous? 

 This shows a limitation of the standard max operation of fuzzy 
logic. 
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 Alternatively, let conditional probabilities be 

P(old/59)=0.45  and P(almost old/59)=0.55, then

P(old OR almost old/59)= P(old/59)+ P(almost old/59)=0.45+0.55=1. 

 This is a certain answer that John, 59 is quite wise. 
 Which of two answers fits better into our common sense reasoning and scientific 

rigor? 
 If we vote I thing that m(old or almost old, 59)=max (0.45,0,55)=0.55 will not win 

over P(old OR almost old/59)=1 .
 The answer P(old OR almost old/59)= 1 is based on the probability space with two 

linguistic labels as elementary events 

{old, almost old} 

with probabilities that satisfy Kolmogorov's axioms. 
Labels ≠  uncertain real world concepts 

 Labels do not overlap (mutual exclusion) .  Uncertain real world concepts overlap. 
 We call it the Exact Complete Linguistic Context Space for age 59. 
 For age 39, we may have other ECLCS spaces 

{not old,  almost old,  old  }  or  {young,  middle age, almost old,  old }         
0.95       0.04         0.01            0.5        0.45            0.04        0.01

Developing a context formalism is critical for the success of CWW
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 0ur ability to assign 0.8 to "John is tall" and 0.7 to "Peter 
is  short" does not imply that we are also able to assign a 
number to a combined statement 

"John is tall and Peter is short". 
 Such human abilities decrease  with the increase of the 

complexity of the statements, when we add more And and
Or parts to the statements.

 Both the theory of subjective probabilities and the fuzzy 
logic have made brave attempts at suggesting how to 
compute such numbers for complex statements to mimic 
human reasoning  (descriptive and/or normative).  

 We need a justification of operations with numbers for 
simple statements that humans are able to produce. 

 This will make this field scientifically rigorous. 

Quote: "All models are wrong, but some are useful." 
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 When we cannot build a fully deterministic model 
we accept a PT model. 

 Both PT and FL can deal with both possibility and 
probability and measure them. This differs from the 
common view in FL: FL for possibility and PT for 
probability. 

 FL complements PT in CWW to help quickly build a 
more rigorous PT model [Kovalerchuk, Klir, 1995, 
Kovalerchuk, 1996, Kovalerchuk, Vityaev, 2000, 
Kovalerchuk, 2012]. 

 FL is for a quick solution when we prefer not to 
collect enough data and not to build a PT model. In 
other words we do not fully measure inputs.
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 LZ: Assume that Robert is 0.8 German and 0.2 French. 
 To what degree do you believe that Robert is German?" 
 Zadeh’s answer: 0.8. But 0.8 is not the probability that Robert is 

German. How can this contradiction be resolved? 

 BK: Yes, 0.8 is not a probability in this example when we consider 
the WORD "probability" as a common word in the natural language. 

 In contrast in the abstract mathematical theory of probability the 
TERM "probability" means a special type of the measure in the 
measure theory. In this context 0.8 is just a value of such a 
measure. It is not required to be statistical. 

 Many hot discussions on fuzzy and probability are based on such 
different use of the same words including the word possibility. 

 WORD possibility differs from WORD probability, but it does not 
prohibit modeling possibility by using the TERM probability from 
the formal PT. This is doable [Kovalerchuk, BISC, 2012]. 
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 Interpreting mechanisms
◦ interpret theoretical concepts with real world entities. 

 The major theoretical concept of probability theory to be interpreted 
are
◦ the concepts of probability p(x) and probability space

 The major theoretical concept of fuzzy logic to be interpreted is 
◦ the concept of membership function m(x) and linguistic context 

space that is not a part of the standard fuzzy logic yet.
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 I have not seen a rigorous justification. 
 There is a motivation not a justification for 

using t-norms and t-conorms, which is lack 
of data, time, and resources to build 
conditional probabilities P(x/y) along with 
P(x) and P(y). 

 In  short  this is an open question that needs 
to be addressed. 

 Coletti has an interesting proposal in this 
area. 
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 FC has a unique combination of properties that NL CWW does not have. 
 Fuzzy control works with “engineered” words that allow more flexibility in 

defining their meaning via free design of Membership Functions (MFs).     
 NLP works with real NL words with meaning that already exists in NL. 
 We cannot call an 80 year old man young. 

◦ For some age values NL is over-complete, e.g., 40 can be young, middle-age, almost old, relatively 
young,  mature, and so on. 

◦ For other age values  NL can be incomplete or “provide ”an exact complete context space”, e.g.
m(almost old,59)+m(almost old,59)=0.5+0.4=1 [Hall et al, 1986].   

 Fuzzy control uses normalized triangular membership functions and t-norms 
and t-conorms that can be adjusted by using inexpensive training data using
NN or other ML techniques.  This is much more limited in NL CWW.  

 In fuzzy control the context is much more fixed in every question than in NL. 
◦ We know that we control a pendulum on the Earth, not on the International Space Station.  

 We can contrast this with the NL question:  “What is the possibility that 9 
people are in the midsize car?”. The context in this question is not defined. It 
can be:
◦ (1) the possibility that 9 people ARE in a midsize car without pressure
◦ (2) the possibility that 9 people ARE in a midsize car with pressure.
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 In fuzzy control, qualitative causal relations expressed in 
the linguistic rules have been known in advance, e.g., 
from physics for the pendulum. 

 For the genuine progress in CWW we need to focus much 
more on experimental discovery of causal relations 
including operations with subjective judgments. 

 Consider a statement "John is tall and Peter is short". Will 
we actually get from people 0.6=min(0.6, 0.8) having 0.6 
and 0.8 for these statements separately. 

 The old experimental works (Zimmerman, Fuzzy sets and 
Systems, 1979; Kovalerchuk, Fuzzy sets and Systems, 
1991) with words metallic and container had shown that 
min is not what humans use to combine such subjective 
judgments.

 As history of science shows that there is no shortcut. 
◦ Discovering causal relations must be done. Fuzzy control 

benefited from such long and productive prior work in physics. 
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 A Membership Function  is not a 
probability distribution, but each 
separate value of m(x) is a 
probability  (frequency-based or 
subjective).

 MF is viewed instead as a "cross 
section" of probability 
distributions.

 Such an interpretation is 
acceptable for many fuzzy-
inference decisions.

 Indeed, experts often construct 
such "exact complete context 
spaces" (ECCSs) with sumx=1 
informally for specific problems. 

 Context space is a class of 
connected measure spaces 
represented correctly and 
compactly by fuzzy logic 
Membership Functions [MFs].  



mlow-rate(x)mmedium-

rate(x)
mhigh-rate(x)
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0.08Probability space f0.04

Probability space f0.08
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We argue that the description of a 
linguistic context, in a natural way, 
requires more than a single probability 
space alone. 
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1.Obtaining rough knowledge from an expert (preliminary
concepts, statements and rules in linguistic form)

2.Augmenting linguistic concepts and rules with numerical
indicators (membership values and functions)

4.Testing and debugging design interactively with an expert

6.Inferring decisions using discovered knowledge
(in the form of fuzzy logic rules).

5.Tuning extracted rules using available data and different methods such
as neural networks, genetic algorithms, second interpolation and so on

3.Selecting  the fuzzy inference mechanism
(operations and defuzzification procedures)

Coordinating 
using contextual 

fuzzy inference

Coordinating  
using second 
interpolation

To be meaningful and 
rigorous, these steps 
must be coordinated,
which is often violated

,
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 For correct and rigorous inference under 
linguistic uncertainty it is very useful and 
necessary to construct exact complete 
context spaces.  

 Unless one specifies the appropriate, 
necessary context space in which s/he is 
working, 
◦ correct inferential solutions cannot be clearly 

arrived at, 
◦ nor can one establish a clear foundation upon 

which to debate the efficacy of the problems under 
consideration.  
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 Zadeh’s fuzzy linguistic variables  embedded into 
the exact complete context spaces have 
fundamental representational advantage vs. 
multiple equivalent small probability spaces. 

 In other words, few fuzzy membership functions 
in a linguistic variable provide a quick way to 
build a huge set of simple probability spaces. 

 In this sense, fuzzy membership functions and 
probabilities are complimentary not 
contradictory. Thus, they are mutually beneficial 
by allowing the combining of fast model 
development and rigor.
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 Formulate more CWW tasks in terms of  Context 
Spaces in combined probabilistic and fuzzy logic 
terms

 Finding appropriate operations in the specific 
examples under combined formulations. 

 Further development of the context spaces to deal 
with additional requirements on the components of 
specifiable context spaces.
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 Introduce tradeoff of rigor goals vs. time to solve 
the task to actual solutions

 Exploit the idea of a few MFs as a compact 
representation of multiple (even infinite)  number 
of simple probability spaces in  CWW. 

 Dealing with uncertainty beyond probability and 
fuzzy logic.

 Dealing with uncertainty in Geometry and Topology 
within the Dynamic logic of Phenomena.

 Further developing of Agent-based uncertainty 
theory.
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