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INTERACTING SYSTEMS
AND INFORMATIONAL ENERGY

RAZVAN ANDONIE* and FLORIAN PETRESCU*

Presented by S. Marcus

A measure of dependence based on the informational energy is introduced. Two examples
illustrating its use are also provided.

1. INTRODUCTION

There are two strategies one can adopt when studying the relationship between two
interacting systems: the first is to measure their interdependence thought as a mutual
attribute and the second is to measure how much one of the systems depends on the
other. Sometimes, in order to achieve certain results, it is convenient to follow only one
of the strategies. But, for a complete study of the relationship between two systems, both
of them are needed.

The measures of (inter)dependence have to be based on some tools ablecto quantify
the behaviour of the systems. Hence, these tools are supposed to be some information
measures. Various approaches of these questions are possible, many works being
dedicated to their study.

In his celebrated book [9], Watanabe adopted the first strategy. He used Shannon’s
informational entropy as the basic informational tocl. The derived measure of
interdependence is very useful in unsupervised clustering.

Purcaru followed the second strategy in one of his papers [6] and used Shannon’s
entropy too. Moreover, he considered as the measure of unilateral dependence just the
conditioned entropy,

Within the present paper we adopt the second strategy and introduce a measure of
dependence based on Onicescu’s informational energy [3], [4]. Due to the use of the
informational energy as the basic tool, our approach, unlike the other two mentioned above,
enabled us to relate certainty and information.
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In a recent paper Van der Lubbe et al. [B] studied the relation between the general
classes of information measures and the class of certainty measures. The informational
energy is considered as a special case of certainty measure and was interpreted by several
authors as a measure of expected commonness, a measure of average certainty or as a
measure of concentration,

It is interesting to note that the use of the measure of dependence introduced in our
paper refines, in a certain sense, the use of the measure of interdependence introduced by
Watanabe in [9] because it is able to discern whenever the relationship between two
systems is not symmetrical. ’

In section 2 we mention the main definitions and results concerning the informational
energy.

Within the third section we introduce the measure of dependence and study some of
its properties,

Section 4 consists of two examples illustrating the use of the introduced measure of
unilateral dependence.,

Finally, in section 5, we discuss some questions concerning the theoretical frame of
the paper and some further developments related to the use of the informational energy
in the study of the interdependence between two systems.

2. INFORMATIONAL ENERGY — MAIN DEFINITIONS AND RESULTS

In this section we recall some of the basic definitions and properties concerning the
*informational energy as introduced in [3] and [4). We also assume the reader to be
familiar with the concepts of the theory of probabilities.

Throughout this paper, by a system 5 we mean a finite number n (n > 2) of entities
called states: 8185008y and their corresponding probabilities: p{sl}, p{sz],,... p(s“},
where p{s) =0, i=1,2,..n and p(s, J+p(s;) + ... + p(s ) = 1. We adopted this term for
conciseness reasons instead of using the more rigorous expression: random variable
associated to a probabilistic experiment with n possible outcomes.

Let § be a system. The informational energy of § is defined as:

-2
E(S) = F: pe(s).

Let us consider now another system T consisting of m (m = 2) states ty oty el and
their corresponding probabilities p(t,), p(t,),...p(t ). The product system SXT is
defined as consisting of nm states (s;,t;), (8.8}, ..., (5,1 ) and by their corresponding
probabilities p(s.t,), p(s;.t,), ... p(s .t ). Let p{siltj}. i=1,2,....n and j=12,.m
denote the probability of the state s, conditioned by L Then we have the relations:

pspty) = plt) P (5;1t) = p(s) p (41s,).
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The systems S and T are probabilistic independent iff
pls,t) = P8 B (). (2.1)

The average informational energy of § conditioned by T is defined as

m
ESIT) = T p(t)E(Sh),
where j=1

n
EGSIt) = £ pi(s;| 1).
i=l

We note that the conditioned informational energy may be also written as

n im n m
ESIT)= £ X p[tj}pz (51t) = 2 pls,t)p(slt) (2.2)
] g ] i=1i=1 1 1]

=1 )=

3. A MEASURE OF DEPENDENCE

In this section we define some concepts concerning the unilateral dependence based on
the informational energy. Throughout this section S and T are two systems consisting of
- the states s, ,s,,....5, and respectively t;,t,,...t .
Lemma 3.1, If § and T are two arbitrary systems then E(SIT) = E(5). The equality
holds iff § and T are independent.

Proof. Let us consider Jensen's inequality:

I A f(x)> i‘[El A %)

=]
which holds for: :
1) f(x) continue and convex, a<Ix<b;
2)a {xj{h, j=1,2,...mm=12;
3) there exists an index pair 1 <ij<m such that x; # X3
4) i]*‘::ljf.i,j=l.2...,, m,
5) li +h1+...+)km= L

Let us consider that the two systems 5 and T are not independent. Therefore, there
exists an index pair 1 =i, j =< m such that p{skhi] B p{skhj], where | <k =n. Applying
Jensen's inequality for }5 = p{t]_], X = p(si Itj}, f{;j} = xj?-, j=1,2,..,m we obtain:

JEI p(t) P2 (s) > (E p (1) p (5,1t
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m
Hence, £ p {Ej} p? {si| A p? (s), i=1,2,...n. Therefore,
i=1

nom
X
=1 j=1

1=

PP I> 2 p? (),
=1

—
£

namely E(SIT) > E(S).

The relations (2.1) and (2.2) imply that E(SIT) =E(S) iff S and T are two independent
systems.
{m!

Definition 3.1. A system S is completely dependent on the system T if for each Y such
that p{tj}:‘r" 0 we have p(s, Itj} = 1 for some s,.

Lemma 3.2. Let S and T be two systems. Then E(SIT) = 1 and the equality holds iff §
is completely dependent on T.

Proof. Let us consider the informational energy of 5 conditioned by T:

n m n m
ESM=Z £ p(s,i)p(51)< Z = p(st)=1.
jpjmy : i=1j=1 )
Therefore E(SIT) = 1 iff p{&iltj} = | for each pls;)> 0. Because p(s;,t)) = p(t)p(s, I
Itjj, we have E(§|T) =1 iff §is completely dependent on T,
[m]

We note that the entropy may be also used in order to express the fact that a system is
completely dependent on another: S is completely dependent on Tiff H(S|T) = 0, where
H(SIT) denotes the entropy of § conditioned by T.

Theorem 3.1. Let o be the application associating a pair of systems (S,T) with a real
number o{S,T) = E(SIT)}—E(5). Then the following statements are true:
a) o is not symmetrical with respect to its arguments;
b) of5,T) = 0 and the equality holds iff § and T are two independent systems;
¢} ofS,T) = 1—E(5) and the equality holds iff § is completely dependent on T.

Proof. The proof is based on the previous lemmas. The first statement is obviously
true. The second statement results from lemma 3.1 and the third one from lemma 3.2,
o

Definition 3.2. The application o defined in the theorem 3.1 is called the measure of
dependence.

If S and T are two systems such that 8 is completely dependent on T and T is
completely dependent on 5 we say that S and T are mutually complete dependent. ITS
and T are two systems such that ofS,T)=o{TS) we say that § and T are equally
unilateral dependent,












