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ON THE INFERENCE OF PROBABILISTIC
REGULAR GRAMMARS

RAZVAN ANDONIE

1. INTRODUCTION

There are many information-processing problems wherein a system
must be designed to process information generated by a source with un-
known characteristics. The first task that faced the system designer is to
develop a model of the source. If the source generates a collection of finite-
length output sequences, then it is possible to use a grammar to model
the source. The search for a grammar that generates the sequences is call-
ed inference [8].

We shall consider the following problem : the inference of a proba-
bilistic regular grammar G{ for which L{Gg) = My, where M, is a finite
probabilistic set of finite strings of symbols, and the equality concerns also
the strings’ probabilities, The obtaining of grammar GJ is a major step
towards general probabilistic regular grammatical inference (sea [1,2,
6, 8]), with important implications in learning theory and syntactic pattern
recognition.

A first attempt to solve this problem was made by K.S.Fu [5]. He
propoged a procedure to obtain first the finite-state probabilistiec automa-
ton and afterwards the corresponding probabilistie regular grammar.
The transition probabilities of the automaton are computed by solving
an equations gystem which also contains the normalization conditions.

Two algorithms for obtaining directly grammar G have been proposed
by F. Maryanski and T. Booth [8], and respectively by R. Andonie [1,2].
The present paper described in a simplified, condensed form the inference
procedure from [1, 2] and compares it with the algorithm of F. Maryanski
et al.

2. PRELIMINARY DEFINITIONS i

In this section we settle the basic terminology and motivation, in
particular those concerning probabilistic grammars,

Let }; bea finite set of terminals, N a finite set of nonterminals, SeN the
initial symbol, and R a finite set of rules, A probabilistic grammar is a
context-free grammar G, = {)?:,N,R, )y with the production rules in
R with the following form : X, - B, X, eN, B,,e(¥ uN)* where the
rule is applied with probability p,(0< p,, < 1). The probability p,, of ap-
plying any particular rule from B will be assumed to be independent of

m
the sequence of previously applied rules. The ETammar is proper if EI py=1
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4 RAEVAN ANDONIE 2

for "each nonterminal X, where n, is the number of all the rules with X, on
the left side.

Let G be the characteristic grammar of G, (obtained by deleting in G,
the probabilities from the rules). Assuming that G is unambignons, we
have :

LiG,) = {(x,pix)) |x € E*., = :-t %}, where p(x) iz the product of

the probabilities of the rules in the derivation, The language L(G;) is
congistent if p(x) = 1, where L(G) is the language generated by
zELIG)
grammar G.
A probabilistic regular grammar is a probabilistic grammar for which
the characteristic grammar is regular,
The formal derivative of a set M = ¥ * is defined as the following set

[3,7]: DM = {y|lxyeM)} x,y € 3, %

3. THE INFERENCE PROCESS

Let ) be a finite set of symbols, and M, a finite set of finite word
over the alphabet ¥, M, = {(x, p(x))| p(x)=>0}. We aim to transcribe ina
mare convenient formalisin the inference algorithm given in [1, 2]

The grammar Gf iz defined as follows :

1. Take all of the not necessarily distinet formal derivatives of M,,
not equal to {#} or the null set @ (i stands for the empty word), Let N=
= X, X} be the set of these derivatives, and X, = D;M, = 8.

2. R is the set of production rules with the following form :

a. X, =D . M, >aD, . .M =sX,
it Dy, o M, # {2}
# O
The associated rule probability is PX) p(X), where p(D M) =
Y p(xy)

=y €My
yELT

b X = D,...o M, = &

iff A€ Dy, o oM,

The associated rule probability is p(a, ... a;)/pX)

We obtain thus the probabilistic regnlar grammar GHY, N, R, 8
with the following properties (proved in [2]) :

1. Gj is proper.

2. The associated characteristic grammar G” is deterministic.

3. L{G§) is consistent.

4. The nonterminals are not merged.

5. L(G§) = M,. . - :

The equality concerns also the probabilities of the strings itf q =
- [z P'EE:.J:IEMI”:X} F
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The quantity q may be regarded as a measure of confidence for the
inferred grammar. If q < 1, this means that there are some other words
in M (which are not known) and their probability sum is 1 — ¢. Grammar
Gf is inferred only from the known words in M,

H. Cramér [4] has demonstrated that a maximum likelihood esti-
mation of the unknown parameters of a given distribution results in a
minimum value for the chi-square statistic. It may he proved [6, 8] that
the maximum likelihood estimate of the probabiity of a rule X, — By is:

Py == (1)
(4] N.
where N, is the number of times nonterminal X, appears in the generation
of the strings of M, according to grammar G, and n, is the number of
times rule X, — B,; is used in the above generation,

It is obvious that the probability of a rule in G§ is equal to P,;. Hence,
the given algorithm achieved a maximum likelihood estimation referring
to the information eontained in M,.

This inference procedure hasg heen implemented and tested in the
framework of a syntactic pattern recognition algorithm [1, 2].

4. COMNCLUIMNG REMARKS

Z P. Maryanski and T, Booth [8] proposed a similar inference procedure
with the following differences :

1. The probahilities of the rules are estimated from relation (1).

2. The characteristic grammar is obtained with merged nonterminals
due to the fact that only distinet formal derivatives are considered.

Eszentially the same grammar is inferred, in spite of the fact that the
two algorithms are different.
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