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Abstract. Gaussian smoothing is & well-known technigue in computer vision, Consideration
of the central limit theorem suggesis using a cascade of uniform-coefficient finite-impulse-
response { FIR ) digital filiers, which are especially economical to implement. We discuss the
following problem: how to obtain an optimal cascade of uniform filkers which approxmates
a given Gaussian filter. This means to find a compromise betwesn computational cost and
the degree to which the Gaussian function is approximated. However, not every Gaussian
filter can be synthetized in this way, and we point out the limits of the method, Our approach
provides good approximations to Gaussian pyramids with nearly arbitrary scale parameier
variation, in which each level is the resull of an optimal cascade of uniform filters.
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1 INTRODUCTION

In computer vision, input data is generally degraded by noise. One of the most common
operations performed on images 15 to smooth the image brightness values in order to
reduce noise. Imape smoothing can be adjusted so as to optimally set the resolution at
which image features {e.g. edges and texture) will be located. This focusing on a variety
of spatial scales is the second reason for image smoothing. Among the proposed techni-
ques, Gaussian smoothing (i.e. the result of the convolution by a Gaussian function) 15
appreciated for its elegant and unique properties.

The convolution of an image by a Gaussian function may be decomposed in a cascade
of convolutions by more simple functions. This attractive way to implement Gaussian
smoothing is based on the central limit theorem from probability theory. Much attention
has been devoted to this method in the last years [2—5, 7, 8, 15],

Our paper deals mainly with Gaussian smoothing using a cascade of convolutions by
uniform functions. This idea 15 not a new one. Wells [15] describes the method in detail.
We discuss here the optimality problem, which means finding the optimal cascade for a
given Gaussian. Our attention is also focused on Gaussian pyramids obtained by optimal
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cascading of uniform convolutions. The implementation of the proposed method 15
straightforward and we also consider its advantages and drawbacks.

I PRELIMINARIES

In this section. we briefly review Gaussian filiering and Gaussian pyramids.

Smoothing by convolution with a Gaussian-like kernel is equivalent to applying a
low-pass filter to the image. The size of the kernel is determined by the scale parameter o,
being the standard deviation of the Gaussian filter. As the scale increases, the degree of
smoathing increases but the band limit of the image decreases. Consequently, it is
possible to simultaneously reduce the sample rate of the smoothed image in proportion
to the band limit reduction without loss of information.

By appropriately varying the scale parameter. we obtain a hierarchy of Gaussian
smoothed versions of the original image, or a Gaussian pyramid. The size of the filter
determines the sampling Nyquist rate. Although it is not necessary lo simultaneously
sub-sample the smoothed image, there are obvious advantages of doing so above the
respective MNyguist rate.

In a Gaussian pyramid. each level represents a different degree of smoothing of the
original image which reduces noise and textural detail in various amounts. The base of
the pyramid contains the original image at full resolution, and higher levels typically
contain smoothed and sub-sampled versions of the immediately lower level.

In a continuous formulation, suppose that f{x, ») represents the original image and
#lx, v. ) the Gaussian kernel
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A level o of the Gaussian pyramid is represented by the following convolution

Gix, v, )= flx. v)eglx, y. o) = _”"”II' ¥)gle — %' ¢ — 37, g)dx’ dy”.
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The value o = 0 represents the base of the pyramid
Gix, . 0= fix, »).

Gaussian filters are also uselul in the svathesis of high-pass and band-pass filters. The
Laplacian applied (o the Gaussian is a well-known band-pass filter, proposed by Marr
and Hildreth [8] as a basis to detect meaningful intensity changes at different scales.
Significant intensity changes in the image of the chosen scale are marked where the
Laplacian of the Gaussian filtered result crosses zero (zero crossings). Such a set ol filter
outputs, or Laplacian pyramid, may be approximated by subiracting neighbouring levels
of a Gaussian.pyramid.
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Many basic image operations can be performed efficiently within Gaussian and
Laplacian pyramid structures [1. L1—14). The pyramid may be regarded as a model of
certain types of early processing in natural vision [5].

3 GAUSSIAN SMOOTHING BY CASCADED CONVOLUTIONS
In this section, we examine several ways to implement Gaussian filters by cascaded
convolutions.

I is obvious that Gaussian filtering cannot be implemented with a continuous varia-
tion of the filter size. It has already been found in a number of psycho-physical experi-
ments [6] that the human visual system cannot apparently discriminate spatial informa-
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sampling intervals of 2 octave appear to provide satisfactory results [1]. However,
rougher approximalions are used more frequently,

For example, Burt [3—35] has generated a Gaussian pyrumid in which each level has
a band limit one octave lower than its predecessor and sample rate is one-hall of its
predecessor’s rate. Marr and Hildreth [8] use Gaussian filters which increase in size by
1.6 and do not reduce the sample rate. Crowley and Stern [7] use Gaussian filters which
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increase in size by +/'2 and the sample rate is reduced by —. It is worth 10 note that /2
V2

is the smallest rate at which a two-dimensional discrete sequence can be re-sampled

without interpolation.

In probahility theory. the convolution theorem states that the probability density of
a sum of independent random variables is obtained by the convolution of the probability
densities of the respective random variables [9]. Under quite general conditions, the
resulting probability density tends 1o the normal density function (a Gaussian) as the
number of variables in the sum grows. This properly is known as the central limit
theorem [9]. Therefore. the Gaussian kernel may be decomposed in a cascade of con-
volutions with more simple kernels '

Giv. v, @ =, vlepln, v, o) = (e viegiix, 1, g degax, v, @ ey, v ad),

where the convolutions can be considered in any order. In other words, g(x. v, ) is the
density lunction of the sum of random variables with the density lunctions g, (x, r. @)
glx, o m ) e, v a ) Inoa discrete form, this means to approximate the Gaussian
convolution by a cascade of convolutions with simple masks. The considered masks
differ from one author o another,

For example. Burt [3—5] used a separable, normalized. symmeitric mask. In his
Craussian pyramid, a level is oblained from the precedent level as the result of the
convolution by
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separately, on lines and columns, and the Gaussian kernel increases in size by a factor
of 2.

Brady et al. [2] obtained the following mask

1 | 2 1
— x| 2 12 2
24 1 2 1

A cascade of n convolutions by this mask will approximate Gaussian smoothing at a scale
level o= +/n/3.

Crowley and Stern [7] exploit the fact that the convolution of a Gaussian function with
itself produces a Gaussian scaled larger in size by +/ 2. In their Gaussian pyramid. a level
is obtained as the autoconvolution of the precedent level. This expands the scale at each
step by a factor of \,"_2

We have discussed some of the methods used to approximate Gaussian smoothing by
cascaded convolutions. In the obtained Gaussian pyramids, the scale parameter increases
in size depending on the used convolution mask. Gaussian pyramids can be efficiently
implemented as cascades of simple convolutions. However, not every Gaussian filter can
be approximated in this way.

4 CASCADED CONVOLUTIONS WITH UNIFORM FILTERS
In this section, we investigate the method of cascading uniform-coefficient FIR digital
filters (uniform convolution masks) in order 1o achieve Gaussian filtering.

The convolution of an image by a uniform mask can be implemented very efficiently,
as we shall see in Section 6. Since a uniform mask is always separable, we may restrict
the discussion to the one-dimensional case.

Let &) denote both the normalized uniform mask having width w
|
—x [11..1]
W
and the corresponding random varable
k
1
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The recurrence relation

bi=b,wbl !
























