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A CONVERSE H-THEOREM
FOR INDUCTIVE PROCESSES
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Abstract. A general law of entropy decrease is a synthetic learning criterion for a system and
can be expressed by a converse H-theorem. We introduce an inductive process which
respects, on the average, a converse H-thecorem. The same formalism is used to prove a
converse H-theorem for an inductive process defined by H. FRANK.

Obiparnas H-Teopema 108 MIIYKTHENLX DPOBECCOD
Prrssan AHLOHLE

Pesose, OBmimi 3KoH YMEHBIICHHA THTPOINA SATHCTCA CHHTETHUECKHM KPHTEpHEM -
YUEHHA [U1H CHCTEM H MOXeT GhiTh BRIPAKEH © NOMOWLE H-teopessl. Mbl BROINM
HHAYETHBHBA NPOUSCe, YYHTHBAHUHA B cpegies obparavie H-teopemy. Torme dop-
MAAHIM HCHOABIVETCR UIH AokazatenscTia obpatHol H-Teopesul I8 HHAVETHBHOTO
nponecca no X. GpaHKy.
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1. INTRODUCTION

There are two fundamental reasons for studying learning [4]. One is to understand the
process itself. By developing computer models of learning, psychologists have attempted
to gain an understanding of the way humans learn.

The second reason for conducting learning research is to provide computers with the
ability to learn.

Learning will be said to occur when a system modifies itsell to improve its own
behaviour [3], A system may improve its performance by applying new methods and
knowledge, or by improving existing methods and knowledge to make them faster, more
accurate, or more robust [13]. One way to teach a system how to perform a task is to
present it with examples of how it should behave. The system must then generalize these
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examples to find higher level rules that can be applied to guide the performance element,
This process of inferring general laws from particular examples is called induction, Most
systems that learn use inductive inference as the mechanism for improving behaviour [3].

An intelligent system may be characterized by its ability to learn. But how to decide
il system learns? 5. Waranane [20] stated that in any cognitive learning and even in
behavioural learning the learning process is expressible by a general law of entropy
decrease: “In learning processes the state of a subject can be characterized by a probabil-
ity distribution over a set of alternative choices, and the entropy defined by this probabil-
ity distribution has a general tendency to decrease with time. The entropy shows a general
tendency to increase in the first phase (unlearning) of the process and decrease in the
second phase (learning) of the process™. Such a general law of entropy decrease is one
of the most rational learning criteria for a system.

The famous H-theorem states in thermodynamics the increase of the entropy as a
measure of uncertainty. The decrease of the entropy in a learning process can be
expressed then by a converse H-theorem,

Owur paper deals with inductive learning. We introduce an inductive procedure which
respects, on the average, a converse H-theorem. We use the same formalism to prove a
converse H-theorem for an inductive process defined by H. Frank [8]. The studied
learning processes make use of the subjective entropy and of “probability learning”,
which express, in psychology, the informational accommodation of a subject. Inductive
probability learning has been intensively studied in experimental and informational
psychology [8, 22] but alse in connectled ficlds, such as pattern recognition [2, 20, 21] and
probability theory [6].

L PRELIMINARIES

The most common inductive process is based on the well-known Bayesian relation, If
the successive examples of behaviour presented to teach a system are probabilistically
independent, it has been noticed that the Bayesian process forgets at first and then learns
to reach a total knowledge: the converse H-theorem holds [10, 20, 21]. The converse
H-theorem is no more assured for a Bayesian inductive process which does not suppose
the independency of the tests, even if the process converges at the infinity [15].

The first proof of the converse H-theorem in the case of Bayesian inductive processes
is due to 5. Watanase [19]. 8. Guiasu [9] obtained a converse H-theorem for the more
general case of weighting processes.

The entropy is a measure of uncertainty, Information measures may also be in-
troduced with the help of certainty measures. The informational energy considered by O,
Onicescu [14] can be interpreted as a measure of average certainty [17). The converse
H-theorem states then, that the informational energy increases from some stage of the
process (when the number of tests is increasing). L. STATE (see [16]) proved such a
converse H-theorem for the case of Guiasu's weighting processes.
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JAN INDUCTIVE LEARNING ESTIMATION PROCEDURE

In the following, we aim to describe an inductive process which is neither a Bavesian
nor a weighting process,

Let us consider a sequence of independent experiments according to the finite probab-
ility distribution p(a,), ..., pla, ), where pia,) = 0 is the probability of the outcome a;,

E pla;) = 1. These objective probabilitics are not known and will he estimated at each

fom ]

step t based upon the previous observations. A criterion for a qualitative differentiation
of the experiments is represented by the relevance (or the importance) associated to each
experiment. This qualitative relevance of an experiment may be cither of objective or
subjective character. A weight g, 15 a positive finite number directly proportional to the
importance of the experiment considered at the step r.

The Tollowing estimation procedure makes use both of the results and the weights of
the previous experiments.

The subjective probability of the outcome a, (i = 1,2, ... m)atthestep rir =1, 2, ...}
i5 given by:

wia) = (gowola) + 3. 4,8,(a))/Q, (1

where §(a) = 1 if the experiment ¢ had the outcome a,, () = 0 for { % j; wyla,) = 0

n

is the a prion subjective probability, E wyla,)=l:q, = 0(t =0, 1, ...}, g is the
Fa |l

a priori weight, {J, = E‘h-
]

The above relation defines at each step ¢ (r = 0, !, ._.)a probability vector with w,(a,) = 0

(i=1,...n). Y wia)= 1. We assume, for simplicity reasons, that all probabilities and

[
weights are strictly positive. This assumption 1s not too restrictive and zero values do not
change in principle the results of this paper.
We rewrite our iterative procedure as a Robbins-Monro-type process:

wola) = w,_ ) + A (8 a)—w, (a)) (2)
where 4, = ¢,/0,.

Provided the smoothing sequence {4, } is chosen reasonably, estimators of this tvpe are
computationally appealing [18]. It is essential how we define the sequence {Aa). A

necessary condition for convergence is: A, —+ 0. But is this condition sufficient? For (1),

{2) we have the following

Theorem 1. w,(a;) — p(a,) (in probability), iff @, — o0 .
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Proof. If w ia) %r pla). taking the limit in (2) we easily get Q,, — 0.

Let us assume now that ¢, — o, Computing the mean and the variance we obiain
Efw (@)} = pla) + qu(wla) — pla))/Q, — pla,)

varjwla,)} = pla;) (1 — F':.HJ}}(E -:-’f) lf"l o

||'I|I o — 0 and therefore var w, (a,) =0, Using

the Tchebychev inequality, the convergence w,{a,) %r pla;) results immediately. |

Applying the Stoltz Lemma we get (E qj)
I

Consequently, w,(g,) is a correct biased estimator of p(a,) iff Q, = .

Further analysis of the estimate (1), (2) can be made if we compute the mean square
error a,(a,) = (1 — ¢,/Q,) &, (@) + pla)(1 — p(a,)) 4/Q] where a,(a) = E{(w(a) -
=pla)ri.

This expression gives us the possibility of evaluating the rate of convergence.

The procedure (1), (2) aims to be an inductive learning model. An observer who

intends to learn objective probabilities sequentially, from examples, has to have sufficient

confidence in the results of the experiences. This is expressed by the condition 0, <+ .

Forg =r{0<r<l;t=0,1, ...) we get J, — L{{1 = r), the subject having less and

less confidence in the results of the experiences. In this case, w,(a;) is not a correct
estimator.

The relative frequency E ﬁ,[a,}) / t is the classical optimal estimator for p{a,) but
- |

it does not suit the considered learning process.

The evolution of the inductive process defined by (1), (2) may be characterized by the
following entropies:

1. The objective entropy H = —Ip(a,)logp(a,)
2. The subjective entropy S, = —Zw,(a,)log w,(a,)
3. The subjective-objective entropy SH, = —EZp{a ) logw,(a,)

From Theorem | we obtain

Theorem 2. 5, SH, — H  iff Q, . []

We have found two correct estimators of objective entropy. The complete empirical
procedure 5, may be used as an inductive learning estimator of H whenever the objective
probabilities are unknown. The subjective-objective entropy SH, has a more subtle
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significance, since it measures the subjective information received by an observer who
approximates the (for him) unknown objective probabilities with subjective probabilities,
Or, in other words, SH, measures the inaccuracy of the statement of the observer [11].

The logarithmic dependency between the objective and the su bjective probabilities has
been tested experimentally {1, 2. 8].

The directed divergence —Xp(a)log(pla,)/w,(a,)) can be interpreted [11, 12] as a
measure of the error made by the observer in estimating the objective probabilities with
subjective probabilitics.

The following inequality results directly from information theory [10]: SH, = H
(r=0, 1,...). This means that the degree of uncertainty of the objective probabilities of
events is supplemented by another amount of uncertainty as a consequence of the
incomplete estimation of these probabilities.

The convergence of the entropy S, is just a common estimation property, whereas the
convergence ol SH, reflects a probability learning process viewed from a meta-level
perspective. The next section is devoted to a further analysis of this learning process.
Since the two entropies S, and SH, have different si gnificance, we shall not discuss other
relations between them (e.g., from the convergence point of view).

4. THE AVERAGE CONVERSE H-THEOREM

The inductive process given by (1), (2) does not respect a converse H-theorem because
the convergence of the entropies is not monotonic. Although, we shall prove that, on the
average, the process learns, ie., an average converse H-theorem holds,

Replacing w {a;) by its mean value
e ) = E{wla )} = pla) + golwola,) — pla))/Q, (3
we define the average estimator
SH, = Ep(a,)logw,(a),
which is generally not equal to E{SH,}.

Property 1. (a ) —J"'.nfﬂ'.} i @, “+ 0. For wyla,) < pla,) the convergence is increasing,
while for wy(a,) = pia;) the convergence is decreasing. O

Property 2. SH, — Hill @, ~— = .  []

Mow we shall study the monotony of this convergence. The following lemma is of use.

Lemma 1. For any real numbers p, 20, g, > 0(i= 1, ., n). Lp,=Lg = 1, we have:
L(plig) = 1 withequality iff p, = g, (i = 1, . . ). 4

Proof. In Jensen's inequality for a convex function















