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ABSTRACT

An approach to conflation/registration of images that does not depend on identifying common points is being developed.
It uses the method of algebraic invariants to provide a common set of coordinates to images using continuous chains of
line segments formally described as polylines. It is shown the invariant algebraic properties of the polylines provide
sufficient information to automate conflation. When there are discrepancies between the image data sets, robust
measures of the possibility and quality of match (measures of correctness) are necessary. Decision making and the
usability of the resulting conflation depends on such quality control measures. These measures may also be used to
mitigate the effects of sensor and observational artifacts. This paper describes the theory of algebraic invariants and
presents a conflation/registration method and measures of correctness of feature matching.
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1. INTRODUCTION

Algebraic invariants1 is a new methodology that automates the combining and correlation/registration of images
from many sources with various resolutions and reliability, giving them common scales and coordinates.

In contrast to many traditional approaches, algebraic invariants: (1) do not rely on the identification of control
(reference, salient2, t ie2) points, (2) do not require common scales and (3) do not require that the orientations of
individual images be known. Instead it uses techniques that are based on matching linear features described by
mathematically constrained line segments (polylines). This method matches polylines using their robust structural
characteristics instead of more traditional matches based on less robust geometric distances. The new method permits
high speeds and automation since matches are done using only a small fraction of the total image data. Structural
characteristics are measured separately for selected features (that can be done off-line) instead of time intensive feature
pair comparison as required by other methods. This approach can also be used to automate the identification of locations
that change in time, and be used to automatically search for specific objects of interest by predefining their abstracted
linear shapes.

The following example illustrates the method of the use of polylines as a base for applying algebraic invariants
to image conflation/registration.  Fig. 1 shows two satellite images of a lake in Kyrgyzstan, and polyline fits to the
shoreline.   An affine transformation was found that made the polylines coincident allowing the scales and orientations
of the images to be modified as shown in Fig. 2.  The general usefulness of this approach is apparent but it is also clear
that techniques are needed to compare the structures of polylines that have different sampling densities, scales, angular
orientations, beginning and ending points.
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Fig. 1:  Corona satellite photo and a Landsat image from Kyrgyzstan with polylines descriptions of the lake shoreline.

Fig 2: The polylines after translation, scaling and rotation with the resulting image conflation.

2. ALGEBRAIC INVARIANTS

We considered both topological and geometrical models before deciding on an algebraic approach as a major
tool for registering images. Features within different images have different properties such as the number of segments
and different beginning and ending points. These variations in the same feature make the use of algebraic invariants very
attractive, particularly when compared to the challenges that they present for other methods.

The algebraic invariant approach to conflating images makes the following assumptions:

(1) The images (satellite images, gravity maps, aerial photos, digital elevation maps, synthetic aperture radar (SAR),
etc.) have no common reference points established in advance for matching them.

(2) The images have different (and often) unknown scales, rotations and accuracy.

(3) Each image has several well-defined “features” that can be represented as polylines (continuous chains of line
segments).  A feature is a wider concept than is commonly used in image sciences.  Anything with a reasonably well-
defined shape will work as a feature. A closed polygon is also a feature in this sense. The only requirement is that the
feature can be fit with a polyline.  It is not necessary to know what it is or if there is any correspondence with polylines



in other images.

(4) These well-defined features can be relatively easily extracted.

We now describe the major concepts related to algebraic invariants that are the basis of our techniques,
beginning with definitions of terms1.

Definition. A pair a = <A, Ω> is called an algebraic system if A is a set of elements, Ωa is a set of predicates {P} and
operators {F} on A and on its Cartesian products, where

P: A×A×...×A → [0,1]  and  F: A×A×...×A → A.

Definition. An algebraic system a = <A, R, Ωa > is called a linear feature if R is a set of real numbers, Ωa consists of
two operators (functions) D(ai) and   L(ai , aj) and three predicates (linear order relations) >a ,  ≥D , ≥L.

Thus  Ωa  =  < D( ), L( , ); >a , ≥D , ≥L >  where:

1. ∀ ai , aj ∈ A:   ai >a  aj    or  aj >a  ai   (All elements of A are totally ordered.)

2. D:  A → [0, ∞)  (An element  a  is called a linear interval and D(a) is the length of a.)

3. L:  A×A → [0, 360]  ( L(ai , aj) is called an angle between ai and aj .)

4. ai ≥D  aj  ⇔   D(ai) ≥  D(aj).  (This links ≥D  with D( ) ). We call elements ai , aj linear intervals and say that
element ai is no shorter than element aj if  ai ≥D  aj , that is,

D(ai)≥  D(aj) ).

5. ∀ ai , aj , ak , am ∈ A:  (ai , aj) ≥L  (ak , am)   ⇔  L(ai , aj) ≥  L(ak , am) (This links ≥L with L(ai , aj) ).

Definition. An algebraic system ã is called an abstracted linear feature of feature a if Ωã consists of three predicates
(linear order relations) >a , ≥D , ≥L ,  with Ωa  =  < >a , ≥D , ≥L >  from the linear feature a.

Definition. Linear features a = < A , Ω a > and b = < B , Ω b > are co-reference candidates (CRC) if they are
homeomorphic and have isomorphic linear subfeatures ea = < Ea, R, Ωe > and

eb = < Eb , R, Ωe >, where ea ⊆ a  and  eb ⊆ b .

With these, the high speed of the registration process can be proven.

Theorem 1. If the number of elements in linear features a and b equals n, then their maximum co-reference subsystem e
can be found in O(n5)  matrix comparisons and O(n5) binary number comparisons for the worst-case scenario.

Proof. To prove this theorem we note that the task is equivalent to finding the largest common submatrix such as shown
in Tables 1 and 2 below. This submatrix should be centered on the diagonal of the two matrixes for a and b as shown in
Table 2. The total number of such matrixes is n+(n-1)+(n-2)+…+2+1=(n+1)n/2. To find the largest common submatrix
we need to compare submatrixes of the same size i× i in both matrixes.

There are n smallest 1× 1 submatrixes that contain a single binary number. These submatrices are actually
individual diagonal elements.  Each submatrix (element) from Aa should be compared with n submatrixes from Ab, that
is n2 matrix comparisons. Because every 1× 1 submatrix contains only one element, there are the same n2 binary number
comparisons.

There are n-1 matrixes of the next size 2× 2,  each such matrix  contains 4 elements (only three of them really
need to be compared because the matrix in antisymmetric). Each of (n-1) matrixes in Aa needs to be compared with all
(n-1) submatrixes in Ab. This requires (n-1)2 matrixes, and 3(n-1)2 binary number comparisons.

Similarly for every matrix of size (n-k)× (n-k), there are (n-k)2 matrix comparisons.
 The total number of matrix comparisons is O(n3) because:



n2 + (n-1) 2  + (n-2) 2  + (n-3) 2  +… +(n-k) 2 +…+ 2+1= n(n+1)(2n+1)/6.

To compute the complexity of binary comparisons we need to consider the number of elements in the matrix.
Each matrix of size (n-k)× (n-k) contains (n-k)2  binary elements.  Because the matrixes are antisymmetric we need to
compare only (n-k) +(n-k-1)+…+3+2+1=(n-k+1)(n-k)/2 binary elements.  Combining the number of matrixes of each
size, (n-k) 2  and the total number of elements in each matrix, (k+1) 2will give us the total number of binary comparisons:

n2*12+(n-1) 222 +(n-2) 232+…+(n-k) 2(k+1) 2+…+2 2(n-2)2 +…+1 2(n-1) 2 .

To estimate this number of comparisons we note that each element is smaller than n4 and there are n elements in
the sum, so the sum is less then n5.  Thus, the number of binary comparisons is O(n5).

This polynomial complexity can be significantly reduced4 by converting each matrix Aa and Ab to the special
linear structures with n elements. Similarly to the previous consideration it is O(n3) for linear structure comparisons, but
it requires less binary comparisons. For submatrices of size s× s it is s instead of s2.  Thus, the total complexity is O(n4)
in  contrast with O(n5) shown above. Generation of the special linear structure itself requires nlgn binary comparisons for
sorting, so that does not change the total complexity, that is O(n4).

Another important computational issue is the fact of monotonicity, that is if none of the common submatrices of
size s× s are found then there is no reason to search for common submatrices of a larger size. These submatrices can not
be shared by Aa and Ab. Thus, the worst case complexity often is not the case.

 An analysis of the robustness of the algebraic method considers the number of distortions in the lengths and
the angles of polylines. These distortions are produced by various transformations. Algebraic approach introduces a set
of measures of these distortions  using concepts described in this paper.

Several versions of the algorithm for finding a maximum co-reference are possible. One of them finds the
largest n-gram common for two Boolean vectors t1 and t2.  This common n-gram cannot be longer than min(n1,n2) -
H(t1,t2), where H(t1,t2) is a Hamming distance between vectors t1  and t2 .  There are several known algorithms for
finding n-grams with a finite alphabet. In our case, the alphabet is the smallest possible -- {0,1}.  Thus, the search can be
relatively fast.

At times to capture the structure of the polyline it is necessary to consider not only the relations between lengths
of consecutive intervals and angles between them, but relations between other pairs.  Let us denote the angle between ai

and ai+1 as Li = L(ai, ai+1).  Now we can record a matrix of comparisons between all pairs of angles in a given feature.
Record the i,j entry as 0 iff Li < Lj and 1 iff Li ≥ Lj.  Note the resulting matrix is antisymmetric.  When two matrices are
built for two features a and b, a more complex approach can be used. Such an approach is to search for the largest
common part of these matrices.  This is done by “sliding down” the diagonals of the matrices.  Consider for example
Tables 1 and 2 where the largest common parts are highlighted.

Angle L1 L2 L3 L4 L5 L6
L1 1 0 1 1 0 1
L2 1 0 1 0 0
L3 1 0 1 0
L4 1 1 0
L5 1 1
L6 1

Table 1: Illustrative matrix for feature a.



Angle L1 L2 L3 L4 L5 L6 L7 L8 L9 L10
L1 1 0 1 1 0 1 1 1 0 1
L2 1 0 1 0 0 0 0 0 1
L3 1 0 1 0 1 0 0 1
L4 1 1 0 1 1 1 1
L5 1 1 0 0 0 0
L6 1 1 1 0 0
L7 1 0 0 0
L8 1 1 1
L9 1 1
L10 1

Table 2: Illustrative matrix feature b.

3. SIMILARITY MEASURES FOR IMAGERY AND GEOSPATIAL DATA

The polyline match in the example in Fig. 1 and 2 from Kyrgyzstan illustrated the need to develop measures of
similarity that are more precise than a casual visual examination provides.  Here, the focus is on spatial similarity
characteristics while the similarity of non-spatial feature attributes is not analyzed.  These attributes can be matched after
a spatial match is confirmed. If we match two images using only a few reference points the similarity of other points also
needs to be assessed.

To define measures we consider a polyline a with two end points p1=(x1,y1,z1)  and  p2=(x2,y2,z2).  Recurrent
function G(n) produces a  set of simpler polylines that interpolate polyline a (see Fig. 3). Arguments of function G are
n=2k and k=1,2,….., that is 2, 4, 8, 16, 32…

The main idea of this interpolation is similar to a wavelet approach.  At first a is interpolated by the single
linear interval [p1,p2]. This is produced by G(n), n=20=1. Next, a is interpolated by a polyline with three points
[p1, middle(p1,p2),p2], where the middle point middle(p1,p2) is located in the equal distance from both points p1 and p2
along polyline a.   This is produced by G(n), n=21=2  The  next interpolation by G(n), n=22=4 is a polyline with n+1=5
points produced by repeating the same procedure for both subintervals [p1,middle(p1,p2)] and  [middle(p1,p2),p2]
produced by the previous value of function G, G(22-1)=G(2).  Further interpolations produced by G(2k), for
k=3,4,5,…will interpolate a with 2k+1 nodes and 2k linear intervals, that is 8, 16, 32 and more intervals. After several
steps the number of nodes in interpolation line can exceed the number of nodes and intervals in polyline a. In general,
nodes and intervals in interpolation polylines may differ from intervals in polyline a (Fig.3).

Fig. 3: Structural interpolations of the polyline a.



More formally function G is defined as follows for its first three values:
G(20)= G(1)= [p1,p2];
G(21)= G(2) =[p1,middle(p1,p2), p2];
G(22)= G(G(20))=
=[p1, middle(p1,middle(p1,p2)), middle(p1,p2), middle(middle(p1,p2),p2), p2]

In general, notation G(n) will be to denote n-th interpolation of the polyline and notation S(n) will be used for
the structure of polyline G(n). Together the pair <G(n),S(n)>  is called a structured polyline G(n).   Next, we can
define the concept of the structure S(n) of the polyline using algebraic concepts1 for imagery conflation problem outlined
in section 2.  For general polylines we use the pair of matrixes, A and L that represent relations between angles (matrix
A) and lengths of intervals (L) in the polyline. These matrices are called structural matrices. For each G(n) polyline,
the relation between lengths are trivial – all of them are equal by the G(n) definition. Table 3 provides an example of the
structural matrix for angles for the original polyline depicted on Fig. 3. For instance, bold 0 as a relation between Angle
1 and Angle 2 indicates that Angle1 < Angle2.

Angle 1 Angle 2 Angle 3 Angle 4 Angle 5
Angle 1 1 0 0 0 0
Angle 2 1 1 0 0 0
Angle 3 1 1 1 1 1
Angle 4 1 1 0 1 1

1 1 0 0 1

Table 3. Structural matrix A for polyline a.

Similarly we can construct matrixes A(n) for each polyline G(n). The matrix shown in Table 3 only reflects the upper
level structure.  For more detailed structure we may include in structure S more matrixes that reflect more specific
structural properties, such as relation between differences between angles and relations between second, third and so on
differences between angles, similar to second and third derivatives.

Two structured polylines Ga(n) and Gb(n) are structurally equivalent if their structures Sa(n) and Sb(n) are the
same, that is there is a isomorphism between structures. If we restrict the structure by the matrix A shown in Table 3
then the equality of structures means the equality of such matrixes for two different polylines.

Now we can discuss how to define measures of structural similarity between two arbitrary polylines a and b
and use these definitions for matching features and conflating images.     

Definition. Two polylines a and b are n-structurally equivalent if

                          Sa(n) =Sb(n).                                                                                                                            (1)

Definition. We say that there is a monotone n-similarity between polylines a and b, if for every n`≤ n property (1) is
true, i.e., Sa(n`) =Sb(n`).

Definition.  The number n is called the measure of structural similarity between polylines a and b if (i) similarity
between a and b is monotone and (ii) n is the maximum of all n` for which (1) is true.  Such n is denoted as nmax.
There is no structural equivalency for n` greater that nmax:

                                   ∀ n` > nmax  Sa(n) ≠Sb(n).

The following definition describes the concept of stable structure of the polyline. Let ae be a polyline obtained
from polyline a by extending or cutting the end intervals of the polyline (see Figure 3). Index e at ae   indicates the added



or deleted length of polyline a.  Now we can produce structured interpolations <Gae(n), Sae((n)>  for ae  and measure
similarity between a and ae.

Definition. Polyline a   has (ae,n)-stable structure if the n-similarity between a and ae   is monotonic.

For matching purposes we use sets of n-stable polylines, say {a} and {b}, in both images, We search among
them for those features that have the same structure. If such feature do not exist then we search for subpolylines of
polylines in {a} and {b} that have the same structure. If such features do not exist then we search for pairs of features
with highest measures of structural similarity introduced above as the measure of monotonic n-similarity.

4. THE PROCESS

The diagram below illustrates the process followed in conflating two images using this technique.  Each image
is replaced by polylines (feature spaces) that are used for conflation.  In the shoreline example, one polyline from each
image was used to define an affine transformation that was used to register the images.  In the general case, other steps
are required and the registration will identify features that match and those that do not and provide measures of quality
of the process.

Fig. 4:  Conflation/registration process.

A second example further illustrates this process with vector image data.  One image consists of 1497 line
segments and the other consists of 407 line segments.  The question “Are these two images of the same scene?” is



answered by conflating them and identifying the polylines that are in common and those that are not.  This was done
using a program based on algebraic invariants, MBPConflate3,4.

Fig. 5: Vector images 1 and 2.

Fig. 6:  The two images conflated and combined.

            .
Fig. 7: The features in common. Fig. 8: The features not in common.



The number of polylines in common supports the conclusion that these are two images of the same scene.  The
number of polylines not in common illustrates the need for additional information to know whether these are the result of
incomplete or faulty feature spaces, different image resolutions, or changes in the scene between the times of acquisition.
With additional information from metadata associated with the vector data or from other sources it is possible to quantify
the differences this conflation has identified.

5. DISCUSSION

There are many sources of image distortions that complicate image conflation5.  Some are straightforward to
remove by preprocessing (such as camera lens distortions) while others require detailed image comparisons.  In the most
general case a single affine transformation for the entire image is not sufficient and a more complicated transformation is
employed based on determining the coordinates of corresponding points in the images. The algebraic invariants
technique described here provides this coordinate information and has the advantage that it isn’t necessary to manually
identify control points. On the other hand, if control points are already available, one or both of the images may be
preprocessed to simplify and speed up the search for the best conflation/registration using the additional information that
polylines provide.

The assumptions that well defined features exist and that they are relatively easy to extract seems realistic even
for such different modalities as panchromatic and SAR images6.  As Dare2,7 noted “Features were extracted using a total
of six different feature extraction algorithms with a range of parameters… As a result numerous conjugate regions were
successfully matched in each pair of images…although the SAR and SPOT data are radiometrically very different, it has
been possible to accurately isolate five conjugate patches, fully automatically. Derivation of tie points from these
matched patches can be performed in a range of different ways. For example, centroids can be used, or salient points on
the edges can be matched to generate a larger set of points”.  The algebraic approach is free from the need to calculate
centroids as well as match salient points.

A major advantage of the technique outlined here is the speed that comes from first matching polylines based
on their algebraic structures.  With polyline matches known, the determination of a transformation between images is
significantly faster than in traditional approaches.8,9,10

6. SUMMARY

This paper describes a technique of image correlation that does not rely on geometrical or topological invariants
or on identifying points in common with known coordinates. This technique determines relative scales and orientations
and corresponding points by analyzing linear features identified in each image and fit with a polyline.  While the
examples presented are from a research subject at hand, there is nothing intrinsic to this method that ties it to the spatial
imaging of the earth.  It could as easily be applied to any set of overlapping images from any discipline and to images
produced of a dynamic scene at different times.

ACKNOWLEDGEMENTS

This research has been support by a University Research Initiative grant from the National Imagery and
Mapping Agency. We would like to thank R. Chase, R. Boyce, and M. Kovalerchuk for programming and computational
support, S. Sento and P. Brennan for providing data, and P. Salamonowicz, D. White, D. McCarthy, N. Hudson, J.
Schwing, and R. Hickey for many useful discussions.



REFERENCES

1.  B. Kovalerchuk and J. Schwing, “Algebraic relational approach for geospatial feature correlation”, In: Proceedings of
International Conference on Imaging Science, Systems, and Technology (CISST'2002, June 24-27, 2002), Las Vegas,
pp. 115-121, 2002, http://www.cwu.edu/~borisk/pub/CWUMethod.pdf

2. P. M. Dare, “Automatic registration of multi-source remotely sensed images and other non-image spatial information
products”, University of Melbourne, Australia, 2000, www.sli.unimelb.edu.au/pdare/arspc_dare.pdf.

3. R. Boyce, R. Chase, T. Donovan, and E. Frank, “MBP Conflate”, Computer Science 481, technical report, Central
Washington University, 2003.

4. R. Chase and B. Kovalerchuk, “Computationally efficient algorithm for structural feature matching”, In: Proceedings
of International Conference on Imaging Science, Systems, and Technology (CISST'2003), Las Vegas (in print), 2003.

5. L. Gottesfeld Brown. “A survey of image registration techniques”. ACM Computing Surveys, 24(4):325--376,
December 1992.

6. D. Ziou, S. Tabbone, Edge Detection Techniques- An Overview, technical report, No. 195, Dept Math &
Informatique. Universit de Sherbrooke, 1997

7. P. M. Dare and I. J. Dowman, “Automatic registration of SAR and SPOT images based on multiple feature extraction
and matching”. In: Proceedings of IEEE International Geoscience and Remote Sensing Symposium, Honolulu, Hawaii,
2000.

8. A. Pinz, M. Prantl,  H. Ganster A robust affine matching algorithm using an exponentially decreasing distance
function. J.UCS - Journal of Universal Computer Science, Springer, 1(8), 1995.

9. J.R. Beveridge and E.M. Riseman, “How easy is matching 2D line models using local search?”, IEEE Transactions on
Pattern Analysis and Machine Intelligence, 19(6), June 1997.

10. R. Bartl, W. Schneider, and J. Steinwendner, J, “Image-map-fusion based on line segment matching”. International
Archives of Photogrammetry and Remote Sensing, Vienna, Austria. Part B4, volume XXXI, 117-121, 1996.


