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Abstract This paper describes a new tech-
nique for extracting patterns and relations visually
from multidimensional binary data using monotone
Boolean functions. Visual Data Mining (VDM) has
shown benefits in many areas when used with nu-
merical data, but that technique is less beneficial
for binary data. This problem is especially chal-
lenging in medical applications tracked with binary
symptoms. The proposed method relies on mono-
tone structural relations between Boolean vectors in
the n-dimensional binary cube, En, and visualizes
them in 2-D or 3-D as chains of Boolean vectors.
Actual Boolean vectors are laid out on this chain
structure. Currently the system supports two vi-
sual forms: the multiple disk form (MDF) and the
“Yin/Yang” form (YYF). In the MDF, every vec-
tor has a fixed horizontal and vertical position. In
the YYF, only the vertical position is fixed. The
method is illustrated with an example from a breast
cancer diagnosis based on mammographic X-ray im-
ages.

Keywords: Visual Data Mining, explicit data
structure, Boolean data, Monotone Boolean Func-
tion, Hansel Chains, Binary Hypercube

1 Introduction

The goal of visual data mining (VDM), as de-
tailed in [1], is to help a user to get a feeling
for the data, to detect interesting knowledge,
and to gain a deep visual understanding of the
data set. The traditional table of records for-
mat is convenient for presenting records, but it
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does not give a feel for the overall character of
the data set. Visualization of such tables is dif-
ficult because, in contrast with scientific data
visualization, data visualization lacks inherent
dimensions that can be naturally mapped to
three spatial and one temporal dimension [4].
Simple presentation graphics such as bar charts
are intuitive and easy-to-use, but they show
only highly aggregated data and very simple
patterns [7].

VDM methods have shown benefits in many
areas when used with numerical data, but these
methods do not address the specifics of binary
data, where there is no much variability in vi-
sual representation of objects for each individ-
ual Boolean attribute. The purpose of this
paper is to develop a technique for extracting
patterns and relations visually from multidi-
mensional binary data using the technique of
monotone of Boolean functions. We start from
the analysis of currently available methods of
data visualization.

A glyph is a 2-D or 3-D object (icon, cube,
or more complex “Lego-type” object). Glyph
or iconic, visualization is an attempt to en-
code multidimensional data within the param-
eters of the icons, such as the shape, color,
transparency, orientation [2, 12, 13]. Typi-
cally, glyphs can visualize up to nine attributes
(three positions x, y, and z; three size dimen-
sions; color; opacity; and shape). Texture can
add more dimensions. Shapes of the glyphs are
studied in [14]. They concluded that with large
super-ellipses, about 22 separate shapes can be
distinguished on the average. An overview of



multivariate glyphs is presented in [15]. This
overview includes a taxonomy of glyph place-
ment strategies and guidelines for developing
such visualization. Some glyph methods use
data dimensions as positional attributes to
place glyphs; other methods place glyphs using
implicit or explicit structure within the data
set. From our viewpoint, the placement based
on the use of data structure is a promising ap-
proach. We argue that placements of glyphs on
a data structure is a way to increase the data
dimensions that can be visualized. We call this
the GPDS approach (glyph placement on the
data structure). It is important to notice that
in this approach, some attributes are implic-
itly encoded in the data structure and some
explicitly in a glyph. Thus, if the structure
carries ten attributes and a glyph carries nine
attributes, we can encode nineteen attributes
total. The number of glyphs that can be visu-
alized is relatively limited because of possible
glyph overlap and blockage.

Alternative techniques such as Generalized
Spiral and Pixel Bar Chart are developed in
[7]. These techniques work with large data
sets without overlapping, but only with a few
attributes (from a single attribute to 4-6 at-
tributes). Another set of visualization meth-
ods, Scatter, Splat, Map, Tree, and Evidence
Visualizer, implemented in MineSet (Silicon
Graphics) permits up to eight dimensions to
be shown on the same plot by using color, size,
and animation of different objects [11]. Paral-
lel coordinate visualization [6] can work with
ten or more attributes, but suffers from record
overlapping and, thus, is limited to tasks with
well distinguished cluster records. In parallel
coordinates, each vertical axis corresponds to a
data attribute and a polyline corresponds to a
record. Technically, the number of dimensions
is limited only by the screen resolution, and is
typically too overwhelming to permit any real
understanding of the data [3].

Serious limitations in traditional visualiza-
tion techniques are summarized in [11]:

• Subjectivity of visual representation can
cause different conclusions looking to the

same data.

• Poor scalability to represent hundreds of
attributes for visual data analysis.

• Human inability to perceive more than 6-8
dimensions at the same graph.

• Low speed of manual interactive examina-
tion of the multi-dimensional, multi-color
charts.

Automating the process of human percep-
tion in connection with the data visualization
task is suggested in [11] as a way to address
listed problems.

We are interested developing a technique
that can work with ten or more Boolean at-
tributes. Many data mining problems can be
encoded using Boolean vectors, where each
record is a set of binary values {0, 1} and each
record belongs to one of two classes (categories)
that are also encoded as 0 and 1. For instance,
a patient can be represented as a Boolean vec-
tor of symptoms and an indication of the diag-
nostic class (e.g., benign or malignant tumor)
[9, 10].

For n-dimensional Boolean attributes, tradi-
tional glyph-based visualizations offer a limited
scope. Attributes of a Boolean vector can be
encoded in glyph lengths, widths, heights, and
other parameters. There are only two values
for the length, width, and other parameters for
each Boolean vector. Thus, there is not much
variability in visual representation of objects.
When plotted as nodes in a 3-D binary cube,
many objects will not be visually separated.

The proposed method does not follow the
traditional glyph approach that would put n-
dimensional Boolean vectors (n > 3) into
3-D space, making them barely distinguish-
able. The method relies on monotone struc-
tural relations between Boolean vectors in the
n-dimensional binary cube, En, and visualizes
them in 2-D or 3-D as chains of Boolean vec-
tors. Actual Boolean vectors are laid on this
chain structure. Every n-dimensional Boolean
data set can be encoded as a Boolean func-
tion in DNF or CNF. Thus, visualization of a



Boolean data set is equivalent to visualization
of a Boolean function. Next, every Boolean
function can be decomposed into a set of mono-
tone Boolean functions [8].

The monotone structure is important for the
data mining tasks, because most data mining
methods are based on the hypothesis of local
compactness: if two objects have similar fea-
tures, then they belong to the same class.

Now we will describe the structure used
to allocate Boolean vectors. In rendering,
Boolean vectors are ordered vertically by their
Boolean norm (the number of 1 values in the
vector) and a partial order on Boolean vec-
tors. This number is referred to as a level.
The partial order is defined as follows: vector
a = (a1, a2, . . . , an) is greater or equal to vec-
tor b = (b1, b2, . . . , bn) if ∀i = 1, . . . , n, ai ≥ bi.
We will use the notation a ≥ b. A set of vec-
tors v1, v2, . . . , vn is called a chain if v1 ≥ v2 ≥
. . . ≥ vn.

Currently, the system supports two vi-
sual forms: Multiple Disk Form (MDF) and
“Yin/Yang” Form (YYF). In the MDF, every
vector has a fixed horizontal and vertical posi-
tion. In the YYF, only the vertical position is
fixed for each vector.

The procedure P1 for MDF places Boolean
vectors in the natural numerical order in each
level, which is called a disk. In this way, ev-
ery Boolean function has exactly the same lay-
out in the disks, allowing multiple functions to
be compared at the same time. The second
procedure P2 for MDF permits direct compar-
ison of Boolean data sets and functions and is
based on the decomposition of the binary cube,
En, into special chains of vectors called Hansel
chains [5, 8]. The Hansel chains are computed
and then aligned vertically.

The goal of our VDM is to show patterns in
a simple visual form. If points of one class (e.g.,
benign tumor) are located in one part of the vi-
sual space, points of another class (e.g., malig-
nant tumor) are located in the other part and
the border between classes is simple, then the
goal of VDM is reached. Monotone Boolean
functions permit the production of a border
that helps interpret data. In this way, the bor-

der between classes of vectors can be revealed
visually. Procedure P1 produces a border that
can be very complex and, thus, not easy to in-
terpret. However, P1 produces the same border
scheme for different Boolean functions, a con-
dition that is necessary for direct comparison.
In general, direct comparisons are not always
easy. Moreover, often the goal is finding the
differences between functions more than simi-
larities. Hence, a third procedure, P3, for MDF
has been introduced. This procedure tries to
move all Hansel chains to the center of the
disk. It is based on: the level of the first 1
value in each chain for a given Boolean func-
tion, and the requirement that the disk archi-
tecture should be preserved. In this way, two
different functions will be visualized distinctly.

The borders produced by P3 can still be
complex and thus difficult to interpret visually.
Therefore, the YYF structure is introduced. In
the YYF, the movement of all chains is based
on only the level of the first 1 in each chain.
The set of chains is sorted from left to right ac-
cording to this level and providing a clear, sim-
ple border between the two classes of Boolean
vectors.

2 Definitions and Data Struc-
tures

Before entering upon the subject more for-
mally, it is important to define the terms that
will be used below.

A Boolean vector is an ordered set of
Boolean values 0 and 1. It can be represented
as a sequence of number such as 0101110010,
which would be a 10 value Boolean vector. We
can assign a set of properties to a Boolean vec-
tor such as its size and its norm.

The level of a Boolean vector, also referred
to as the Boolean norm, is the sum of the com-
ponents of the Boolean vector. We use these
norms for splitting the set of vectors into n+1
levels. For instance, the level of the vector
0000000000 would be 0, whereas the level of
the vector 1111111111 would be 10.

Boolean vectors can be represented as a cube



(or an hypercube if n > 3). For instance, if
n = 1, the cube is formed by the two ele-
ments {0, 1}. For n = 2, the cube is a square
formed by the elements {00, 01, 10, 11}. We
need to have a way to browse a hypercube with-
out overlapping. This way is provided by the
Hansel chains [5, 8].

We build Hansel chains recursively. The
Hansel chain for the size of 0 is the trivial
segment (0, 1). To obtain the Hansel chains
for the level 2, we first duplicate the Hansel
chains of the level 1 by adding a 0 or a 1 pre-
fix. Then the two following set Emin = (00, 01)
and Emax = (10, 11) are genereted. We then
cut the maximum element of Emax and add it
to Emin. Thus, the Hansel chains for the size
2 which are {(00, 01, 11); (10)}. By repeating
those operations of duplicating and cutting, we
will be able to build the Hansel chains for any
size vectors.

A Boolean function f is monotone if given
two Boolean vectors x = (x1, x2, x3, . . . , xs)
and y = (y1, y2, y3, . . . , xn), if x precedes y,
that is ∀i ∈ {1..n}, yi ≥ xi, the following rela-
tion is true: f(y) ≥ f(x).

Such functions divide the set of Boolean vec-
tors into two classes: vector assigned to value 0
and vectors assigned to value 1, thus forming a
border between the two classes. This research
intends to visualize the border between the two
classes in a clear way. Each vector will be first
placed in the view and then drawn as colored
bar: white for the 0 class, black for the 1 class

Next, consider the structure of an MDF. All
vectors are first ordered vertically in regard to
their level (recall there are n + 1 levels). The
number of vectors on each level l is obtained
by the formula C l

n = n!
l!·(n−l)! . For instance if

n = 10 there is 1 element on the level 0, and 10
elements on the level 1 . Note the maximum
number of elements is reached on the level n

2
with 252 elements for n = 10 (C5

10 = 252). The
number of elements increases from the level 0
to the level n

2 and decreases to the level n.
All vectors are then centered in the view, thus
giving the MDF a “symmetrical Hanoi tower”
shape with each level of vector forming a so-
called disk (see Figure 1).

Figure 1: MDF structure without data.

The YYF is derived from the MDF. In our
attempt to visualize the borders between the
two classes of elements, we again moved the
data out of the MDF structure. In the YYF
vectors are ordered vertically in the same way
as in the MDF but they are not centered any-
more. All vectors are moved with regard to the
data in order to visualize to the border between
the two classes. In this way, a clear border will
appear, the 1 class being up to the 0 class thus
giving the YYF a “Yin/Yang”-like shape re-
sponsible for its name.

3 Procedures

The Boolean vectors are placed vertically with
every structure in regard to their level. Then
vectors are placed horizontally inside each
structure using specialized procedures. We
developed three procedures working with the
MDF and one procedure with the YYF.

The procedure P1 relative to the MDF
places the vectors relative to their natural or-
der. Each binary vector is converted to its
decimal equivalent. For instance, the decimal
equivalent of the vector 0000000010 would be
2. Each vector is then placed based on this
value with value 0 being on the right side. The
advantage of this procedure is to allow the user
to compare more than one function at a time.
For every function, and without regards to the
data, the placement of every vector will be ex-
actly the same, allowing direct comparison.

P1 does not really visualize any border or
structure of the Boolean function; therefore, we
created the second procedure P2. Procedure P2



relative to MDF moves the vectors with regard
to Hansel chains. The Hansel chains for vectors
of size n are first computed, then every vector
belonging to the chain will be moved in order
to align the Hansel Chain vertically. Hansel
chains have different lengths, from 1 element
to n elements. To keep the integrity of the
MDF structure, we have to place these chains
so that no elements fall out of the disks. Hence,
the longest chain will be placed on the center
disk and the others chains will be placed al-
ternatively right and left from the first chain.
Moreover, procedure P2 will assign the same
position to vectors without regards to the data.
This again allows, direct comparison to be done
between different Boolean functions.

P2 visualizes a certain level the structure of
the Boolean function, but does not really vi-
sualize the border between the classes. Hence,
we created the last procedure P3. Procedure
P3 relative to MDF is derivative of P2. Af-
ter computing and placing the vectors using
P2, every Hansel chain will be given a value
l equal to the level of the first 1 value present
within the chain. Next, every Hansel chain will
be moved so that the chain with the highest l
value is located in the center so that the MDF
structure is kept. Using this procedure, we are
able to group the class within the MDF. Never-
theless to keep the MDF structure, the chains
have to be placed with regards to their length.
This introduces a possibly complex border be-
tween classes because of a possible gap between
groups of vectors of the same class.

Because of the possibly complex border pro-
vided by P3 we developed the new YYF struc-
ture as well as the procedure P4 relative to this
structure. The YYF does not keep the disk
form. This structure allows filling the gaps
between the groups. The procedure P4 ex-
tends every Hansel chains created before plac-
ing them according to the same value calcu-
lated for procedure P3.

The first step consists in extending the
Hansel chain with elements in relation with the
edges elements up and down. To extend up a
chain, we try to find the first element belonging
to the 1 class above the edge element. That is

given the edge element x we look for the ele-
ment y verifying y ≥ x, if no such y is found on
the level just above the x level, we then add an
element z from the 0 class so that z ≥ x and
so that the path to the first element y ≥ z of
the 1 class is minimized. We repeat these step
until we find an element y from the 1 class and
add it to the chain. To expand down the chain,
we apply the same steps reversing the relation
y ≥ x and swapping the classes 0 and 1: we try
to find an element y from the 0 class verifying
x ≥ y . If no y is found on the level just bellow
the x level, we add a z from the 1 class verify-
ing x ≥ z and minimizing the path to the first
y. Using this procedure, we duplicate some of
the vectors which could then be displayed more
than once. This is justified because we keep the
relation between same vectors.

Once the chains are expanded, a value l will
be assigned to each chain, just as in the pro-
cedure P3. Then, the chains will be sorted in
regard to this value. This approach will visu-
alize a simple border between 0 and 1 classes.

4 Experiments

In this section we illustrate the methods for
visualizing a data set that can be described by
a simple Boolean function f(x1, x2, . . . , x10) =
x1. First, Figure 2 shows the system allowing
all elements at a fixed place using MDF and
P1.

Figure 2: MDF, P1 with f(x1, . . . , x10) = x1

Clearly, P1 does not permit visualizing the
structure itself. Nevertheless, because ele-
ments have a fixed place, this procedure per-
mits comparison between multiple functions.
Next, the procedure P2 will unveil parts of the



structure of the Boolean function, see Figure
3.

Figure 3: MDF, P2 with f(x1, . . . , x10) = x1

P2 still has a fixed place for each Boolean
vector. Hence, it still permits the comparison
between multiple functions. As Figure 3 shows,
the border visualized can be very complex. In
this case, we then need P3 to more easily vi-
sualize the border between the two classes of
elements, see Figure 4.

Figure 4: MDF, P3 with f(x1, . . . , x10) = x1

Using P3 makes the border obvious, but the
border is still cut into pieces because of the
use of the MDF itself. We can see the gaps
between the black parts. However, each white
element placed on the top (belonging to 0 class)
actually expands to an element of the 1 class.
Therefore, the border should be visualized as
continuous rather than interrupted. This is the
reason why we created the YYF structure. The
YYF structure will show this continuous bor-
der.

5 Conclusion

VDM had shown benefits in many areas when
used with numerical data. However, classi-
cal VDM methods do not address specifics

of binary data. By not using the traditional
glyph approach, that would put n-dimensional
Boolean vectors (n > 3) into 3-D space, we
tend to visualize the real patterns contained in
Boolean data.

The first attribute to consider while ordering
Boolean vectors is its norm. Using the Boolean
norm of the vectors, we are able to split the
data into n + 1 groups (n being the number of
elements of vectors). Each group is assigned
to a vertical position. Then, multiple methods
can be used to assign the horizontal position.

We created two different structures to han-
dle data: MDF and YYF. In every structure,
horizontal position of vectors is then handled
by a specific procedure. We created three pro-
cedures specific to the MDF structure and one
for the YYF structure.

The first procedure P1 is specific to MDF
and orders vectors in regard to the natural or-
der, converting the Boolean value into a numer-
ical decimal value. This procedure does not vi-
sualize the real structure of data, but, permits
direct comparison between multiple functions.

The second procedure P2 is specific to MDF
and orders vectors to visualize Hansel chains.
This procedure visualizes the structure of the
data itself. However, it does not really visu-
alize relations among data but it still permits
direct comparison to be made between several
Boolean functions.

The third procedure P3 is specific to MDF
and orders the Hansel chains. This procedure
unveils the border between the two classes of
elements (0 and 1). In order to keep the MDF
structure intact, the border is visualized as be-
ing interrupted and thus differences can be vi-
sualized between multiple Boolean functions.
However, in monotone Boolean functions, vec-
tors belonging to 0 class actually all expand
to a vector of the 1 class. Hence, the border
should be continuous.

The last procedure, P4, is specific to YYF
and then solves this final problem. This pro-
cedure visualize the real border that exists be-
tween the two classes of elements. This is done
by expanding up and down the Hansel chains,
thus duplicating some elements.



This new approach proved to be appropri-
ate to handle discovery of patterns in binary
data. By further developing these procedures
and data structures, the new approach can be
used in variety of applications.
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