
The Only Critical Point in Town Test

and Its Failure in Two Dimensions.

PNW MAA Analysis Flowers Session

April 20, 2012

James Bisgard

Central Washington University



What is the only critical point in town test?

Theorem 1 Suppose f is a continuously differentiable function on an in-

terval I (open or closed or neither). If x0 is the only critical point of f

in I and x0 is a local minimum (or maximum), then in fact x0 is a global

minimum (or maximum) on I.
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Why is Theorem 1 true? It follows from Rolle’s Theorem! Suppose that f has

a local minimum at x0, but suppose that x0 is not a global minimum. Then,

we have something like the following picture:
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There will be an x1 such that f (x0) = f (x1), and so by Rolle’s Theorem, there

is an x2 between x1 and x0 with f ′(x2) = 0, and so f has at least one more

critical point.



The only critical point in town test implies that if f : R → R is continuously

differentiable and has a local but non-global minimum, then f has at least one

more critical point.

An interesting question: suppose that f : Ω→ R is continuously differentiable

on a path-connected subset Ω of R2, and suppose f has a local but non-global

minimum at (x0, y0). Must f have another critical point? For example, consider

f (x, y) = x3 − 3xy + y3, whose graph is given below:
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Are we always so lucky? Unfortunately not! There are many counter-examples!

Example 2 f (x, y) = −1
1+x2 + (2y2 − y4)

(
ex + 1

1+x2

)
The following is a graph of arctan

(
f (tan(x), tan(y))

)
, which “scrunches”

the graph on all of R2 to the square (−π/2, π/2)× (−π/2, π/2) as well as

compressing z direction by using the arctangent.
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To make matters worse (?), there are polynomial counter-examples!

Example 3 g(x, y) = x2(1 + y)3 + 7y2 (found by Calvert and Vamana-

murthy, Journal of the Australian Math Society, 1980)
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As it turns out, there are some very strange polynomials! For any n ∈ N, there

is a polynomial g(x, y) in two variables that has exactly n critical points, each

of which is a local minimum! There are no mountain pass between the various

basins! An example for n = 2: (Found by Alan Durfee, et al, 1993 in the

Monthly)

Example 4 g(x, y) = (x2y − x− 1)2 + (x2 − 1)2

-2 -1 0 1 2

-1

0

1

2

3

4



Are there conditions that guarantee the existence of a second critical point if f

has a local but non-global minimum? Of course!

Theorem 5 (Ash and Sexton, 1985, Math. Magazine) Suppose f : R2 →

R is continuously differentiable. If f is proper (i.e. f−1(K) is compact

whenever K is compact) and has a local but non-global minimum, then f

has at least one more critical point.

Ash and Sexton have a very pretty proof: imagine pouring water into the basin

containing the local minimum at a constant rate. Because f is proper, the basin

has finite volume and so eventually it will fill up. The new critical point will be

where the water overflows!



However, proper is a very strong condition, and very common functions are not

proper. For example, g(x, y) = x3 − 3xy + y3 is not proper. Is there a weaker

condition than “properness”?

Let us look at the counter-example f (x, y) = −1
1+x2 +(2y2−y4)

(
ex + 1

1+x2

)
+1,

which has a local minimum of 0 at (0, 0). Now, suppose we start pouring water

into the basin containing (0, 0).
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Notice that the contour lines get farther and farther apart off to the left. An

important observation is that the gradient is smallest where the con-

tours are farthest apart!

In particular, in the picture, there will be a sequence of point (xn, yn) that has

three properties:

1. (xn, yn) is unbounded,

2. f (xn, yn) is bounded, and

3. |∇f (xn, yn)| → 0.

In fact, we can use (xn, yn) = (−n, 0)!



Definition 6 A sequence (xn, yn) is a Palais-Smale sequence for f if

(i) f (xn, yn) is bounded and (ii) |∇f (xn, yn)| → 0.

It can be shown that each of the counter-examples to the two dimensional only

critical point in town test has an unbounded Palais-Smale sequence.

Definition 7 A continuously differentiable function f : R2 → R satisfies

the Palais-Smale condition if every Palais-Smale sequence for f has a

convergent subsequence.

Notice that if f is proper, then f will satisfy the Palais-Smale condition! How-

ever, the converse is not true. For example, f (x, y) = x3 − 3xy + y3 satisfies

the Palais-Smale condition, but is not proper.



The Palais-Smale condition is weaker than the condition that f be proper.

Geometrically, the Palais-Smale condition is a condition on the steepness of the

landscape - the landscape can only get flat close to critical points, and away

from critical points, there is a minimal steepness.

Theorem 8 Mountain Pass Lemma (Ambrosetti and Rabinowitz) Sup-

pose f : R2 → R is continuously differentiable, and satisfies the Palais-

Smale condition. If f has a local but non-global minimum, then f has at

least one other critical point.


