
In this thesis, we concern ourselves with finding solutions of the following Hamiltonian

system of ordinary differential equations:

(HS) q̈(t) = −Vq(t, q(t)),

where the potential V (t, q) is periodic in time t, and q(t) ∈ Rd for d = 1, 2, . . . . Such

systems arise as models for a wide variety of physical phenomena. For example, if the

potential is also periodic in the space variable q, then such an equation models the behavior

of a multiple pendulum. If − V is a so-called double well potential, then (HS) is a model

for phase transition phenonmena. These are the two cases considered in this thesis. Because

of its common occurrence, (HS) has been studied extensively. An interesting question is the

existence of homoclinic or heteroclinic solutions of (HS), that is, solutions q(t) of (HS) such

that limt→±∞ q(t) exists and q(−∞) = limt→−∞ q(t) = limt→∞ q(t) = q(∞) or q(−∞) 6=
q(∞). Such questions have been studied extensively, for example by perturbation methods

using a Melnikov function (as in [10]) and shooting methods. Prior to the late 1980’s and early

1990’s, a number of papers using variational methods to study homoclinics and heteroclinics

appeared in the Russian literature, for example [2] and [3], as well as the survey article

[13] and the references contained [13]. In the late 1980’s and early 1990’s, starting with the

papers of Coti Zelati, Ekeland and Séré in [6], Séré in [21] and Rabinowitz in [18], variational

methods were again used to investigate the existence of homoclinic and heteroclinic solutions

of (HS). In several papers, see e.g. [15], Mather has used variational methods in a different

spirit to address homoclinic and heteroclinic solutions of (HS).

We will use variational methods here. We consider a functional

I(u) :=

∫
R

(
1

2
|u̇(t)|2 − V (t, u(t))

)
dt.

Under general conditions on the potential V , critical points of I correspond to solutions of

(HS). Our results fall into two categories:

(1) The potential V has a finite number of points K(V ) = {0, ξ1, . . . , ξk} such that

V (t, q) < V (t, ξi) = 0 for all q 6∈ K(V ), and

(2) The potential has a pair of isolated local maxima, say at q = 0, q = 1, and V (t, 0) <

V (t, 1).

Let us consider Case (1). We assume that

(V1) V ∈ C2(R× Rd, R), and V is 1-periodic in t.
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(V2) There is a finite set of points K(V ) = {0, ξ1, ξ2, ξ3, . . . ξk} such that V (t, ξi) = 0 >

V (t, x) for x 6∈ K(V ) and all ξi ∈ K(V ).

(V3) lim inf |x|→∞ V (t, x) ≤ −α < 0, uniformly in t.

(V4) Vqq(t, ξi) is negative definite for i = 1, 2, . . . k, uniformly in t.

Much more is known in this case. This is partly due to the fact that heteroclinic solutions

arise when one minimizes I over the set Λ of W 1,2
loc (R) functions such that q(−∞) = 0,

q(∞) 6= 0. For example, in [19], Rabinowitz showed that when K(V ) = {0, ξ}, there exist

heteroclinic solutions of (HS) connecting 0 to ξ and ξ to 0. In addition, it was shown in

[19] that if solutions of (HS) are isolated, then there are infinitely many heteroclinic and

homoclinic solutions of (HS), each shadowing a “chain” of minimizers, that is a collection

{v1, v2, . . . , vk} of solutions of (HS) with vn(∞) = vn+1(−∞), and each vi is a minimizer of

I over an appropriate class of functions. In [19], an indirect variational argument involving

estimates on I ′ and deformations is used. More recently, in [20], these indirect arguments

have been replaced by more direct constrained minimization arguments, in which a solution

is found subject to the constraint that admissible functions are close to an approximation of

the chain {v1, v2, . . . , vk}.
In [22], Strobel considered the case of when V is periodic in all of its arguments. In [22],

the set of global maxima of V consists of a lattice of points in Rd, which after re-scaling

can be assumed to be Zd. In [22], it was shown that given any β ∈ Zd and η ∈ Zd with

η 6= β, there is a heteroclinic solution q of (HS) such that q(−∞) = η and q(∞) 6= η.

Moreover, given any η 6= β, there is a chain {v1, v2, . . . , vk} of minimizing solutions such

that v1(−∞) = η and vk(∞) = β. Then, assuming these minimizing solutions of (HS) are

isolated and using an indirect argument similar to that of [19], Strobel showed that there

is in fact a solution qη,β of (HS) such that qη,β(−∞) = η, qη,β(∞) = β and qη,β shadows

a chain of minimal solutions of (HS). More recently, in [20], Rabinowitz reproved Strobel’s

result about the existence of qη,β using more direct minimization arguments. These results

provide a variational analogue of gluing methods in dynamical systems based on the use of

a Melnikov function.

Let us assume for the moment that K(V ) = {0, ξ}. Because of the periodicity in time

of the potential V , if q(t) is a solution of (HS), τkq(t) := q(t − k) is also a solution for any

k ∈ Z. Thus, if q(t) is a minimizer of I, then τkq(t) is also a minimizer. If minimizers of I

are isolated, then an interesting question is the existence of solutions of (HS) of mountain

pass type. To this end, for q a minimizer of I over the set of W 1,2
loc (R) functions that connect
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0 to some ξ ∈ K(V ), ξ 6= 0, we introduce the functional

J̃q(u) := I(u + q)− I(q)

for u ∈ W 1,2(R) . Then, 0 and v(t) = τ1q(t)−q(t) are both minimizers of J̃q. If the minimizer

q is isolated from other minimizers of I, then

c := inf
h∈Γ

max
s∈[0,1]

J̃q(h(s)) > 0

where

Γ := {h ∈ C([0, 1], W 1,2(R)) | h(0) ≡ 0, h(1) ≡ τ1q − q}.

We then have the following theorem:

Theorem 0.1. If c is small, then there is a u ∈ E such that J̃1(u) = c and J̃ ′1(u) = 0.

Thus, u + q solves (HS) and is not a translate of q. If c is not small, then we still have

the following:

Theorem 0.2. Let q be a minimal heteroclinic solution of (HS), connecting 0 to ξ, and p be a

minimal heteroclinic solution of (HS), connecting ξ to 0. If c 6= k1I(q)+k2I(p) for k1, k2 ∈ N,

k1, k2 ≥ 0 then there is a non-constant v with I(v) < ∞, I ′(v) = 0, v(±∞) ∈ K(V ) and

v 6≡ p, v 6≡ q.

Both of these theorems are proved after we have obtained detailed information about

the structure of Palais-Smale sequences of the functional I (that is, sequences un such that

I(un) is bounded and I ′(un) → 0 as n →∞).

Theorems 0.1 and 0.2 hold when K(V ) is finite. Consider the case when V is periodic in

all of its arguments, i.e. K(V ) = Zd, as in [22]. Because of the useful L∞ bounds from [19],

[22], we can modify V to get a potential Ṽ with K(Ṽ ) finite, and then apply the previous

results to get corresponding existence results for this setting.

Once we know something about the existence of solutions of (HS) of mountain pass type,

we can move on to ask whether or not there are solutions ṽ of (HS) that “shadow” chains

{ṽ1, ṽ2, . . . , ṽk} where each ṽi is a solution of (HS) of mountain pass type. To answer this

question, we need to make an assumption about the solutions of (HS). As is customary for

such situations, we need a sort of non-degeneracy condition. A suitable condition is that

the solutions of (HS) are isolated, in the sense that there is an r > 0 such that if w1, w2

are distinct solutions of (HS), then ‖w1 − w2‖W 1,2(R) ≥ r. Moreover, we need to recall the

indirect methods of [19] and [22]. Because we are looking at shadowing mountain pass type
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critical points rather than minimizers, the argument we present is much more complicated

and technical than that of either [19] or [22]. Our argument is somewhat similar to the work

of Coti Zelati and Rabinowitz in [8], where it is shown how to “glue” solutions of mountain

pass type. However, in [8], Coti Zelati and Rabinowitz assume that the potential V has an

isolated equilibrium, and so if I(q) < ∞, then q(−∞) = q(∞) = 0. In our case, I(q) < ∞
implies only that q(±∞) ∈ K(V ). This increases the difficulty greatly. Let q1, q2 be the

minimizers of I connecting 0 to ξ and ξ to 0, respectively. Then, let

ĉi := inf
h∈Γi

max
s∈[0,1]

J̃qi
(h(s))

where

Γi := {h ∈ C([0, 1], W 1,2(R)) | h(0) ≡ 0, h(1) ≡ τ1qi − qi}.

We prove the following theorem:

Theorem 0.3. If ĉ1, ĉ2 are both sufficiently small, and critical points of J̃qi
with values close

to ĉi are isolated, then are infinitely many solutions v̂ of (HS) homoclinic to 0 such that v̂ is

“close” to the chain (u1 + q1, u2 + q2) , where ui is a critical point of J̃qi
with critical value

ĉi (so ui + qi is a solution of (HS) heteroclinic from 0 to ξ (i = 1) and heteroclinic from ξ to

0 (i = 2)).

The solutions found are distinguished by the amount of time that they spend close to ξ.

Notice that I(v̂) will be close to ĉ1 + I(q1) + ĉ2 + I(q2), and as the amount of time that v̂

spends close to ξ increases, the corresponding critical value of I will get closer and closer to

ĉ1+I(q1)+ ĉ2+I(q2). Rabinowitz’ result in [19] implies that there are critical values of I that

accumulate at I(q1)+ I(q2), and we prove the same is true at ĉ1 + I(q1)+ ĉ2 + I(q2). It seems

likely that there are other possible accumulation points of critical values of I corresponding

to other types of solutions. For example, if there are solutions ṽ1, ṽ2 of (HS) heteroclinic

from 0 to ξ and vice versa, we would expect there to be critical values of I accumulating

at I(ṽ1) + I(ṽ2), and so on. Notice that because of the isolation assumptions, none of these

results apply to the case when V is independent of time.

We turn now to Case (2). Here, we assume that d = 1. We make the following assump-

tions about V :

(DV1) V ∈ C3(R× R, R)

(DV2) V is 1 periodic in t: V (t + 1, q) = V (t, q)
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(DV3) q = 0 and q = 1 are non-degenerate local maxima of V for every t. Moreover, we

assume V (t, 0) = 0 and there exists a constant c1 > 0 such that V (t, 1) ≥ c1 for all t.

(DV4) q = 1
2

is a non-degenerate local minimum of V , and there is a constant c2 < 0 such

that for every t, V (t, 1
2
) ≤ c2.

(DV5) Vq(t, x) 6= 0 for x ∈ (1/2, 1), and there is a constant Λ > 0 such that V (t, x) ≤ −Λx2

for 0 ≤ x ≤ 1/2.

(DV6) There are constants α0, β > 0 such that V (t, q) < −α0q
2 + β.

(DV7) Vqq, Vtq and Vqqq are bounded.

(DV1) is a technical assumption. Because of the methods we use to study Case (2), the condi-

tions (DV6-7) are not essential constraints. Notice that because V (t, 0) ≡ 0 and V (t, 1) < 0,

the functional I is not bounded from below on W 1,2(R). Thus, we cannot minimize, and

the techniques of Case (1) do not apply. In particular, it is unclear as to how to get a nice

description of the splitting of (PS) sequences. However, if we look at I restricted to periodic

functions, then I is bounded from below - but the minimizer will be the constant solution

q ≡ 1. Thus, we cannot use the same approach as in Case (1). It turns out that for this

setting (HS) admits homoclinic solutions. We prove

Theorem 0.4. If V satisfies (DV1-7), then there is a solution q of (HS) homoclinic to 0

such that there are exactly two points a, b where q(a) = 1/2 = q(b).

We know of only two results in Case (2) which do not use perturbation arguments. In

[16], Petroll considers a surface M diffeomorphic to the cylinder S1 × [0, 1] for which both

ends can be parametrized by geodesics, γ0, γ1, and such that γ0 is a local minimizer of the

length functional and L(γ1) < L(γ0). Under these conditions, Petroll proves the existence

of a geodesic homoclinic to γ0. In Petroll’s proof, the homoclinic solution there is found

as a limit of a sequence of periodic geodesics. In [16], the key is to use curvature flow: it

decreases the length of curves and simplifies the geometry of the curves in question. We give

two proofs of our result. In the first method, we use an appropriate semi-linear heat flow:

(PDE) ws(s, t) = wtt(s, t) + Vq(t, w(s, t)) w(0, t) = u(t).

Then, an appropriate choice of an initial curve and the flow are used to construct the sub-

harmonic periodic solutions qk to the Hamiltonian system. The key step in the proof is the

existence of a subsequence qkj
of subharmonics for which the amount of time that each qkj
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spends larger than 1/2 in any given period is bounded independently of j. This in turn relies

on a very useful fact about the solutions of scalar nonlinear parabolic partial differential

equations like (PDE): the number of zeros of a solution w(s, t) of (PDE) is non-increasing

as s increases, as Angenent showed in [1]. For example, in [16], Petroll uses the fact that the

curve shortening flow decreases the number of interesections with any given geodesic, which

is a variant on this same principle. The second method uses a variant of the mountain pass

lemma (with the standard deformation replaced by the heat flow arising from (PDE)) to

get a sequence of critical values corresponding to subharmonic solutions of (HS). Then, an

argument involving the maximum principle is used to show that there is a subsequence for

which the amount of time that any one spends larger than 1/2 is bounded.

In [7], Coti Zelati and Rabinowitz use a minimization argument to show the existence

of solutions of (HS) heteroclinic from 0 to 1. Then, by a gluing procedure, they prove the

existence of infinitely many heteroclinics and homoclinics. They consider “slowly” varying

potentials V (t, q) = a(t)Ṽ (q), where the periodic term a(t) has a long period, and sup a(t)−
inf a(t) is small. Thus, in a sense, [7] is a perturbation result. In contrast, we do not make

such an assumption about the form of the potential.

In addition to Theorem 0.4, we show that if V satisfies another condition, then (HS)

possesses infinitely many multi-bump like solutions, that is solutions of (HS) homoclinic to

0 that have disjoint intervals of time where they are far from 0. Thus, the graphs of such

solutions have multiple bumps, where the solution remains away from 0. Our proof relies on

a very geometrical construction of such solutions.
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